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The structure and development of a wing-tip vortex
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Experiments have been performed on the tip vortex trailing from a rectangular NACA
0012 half-wing. Preliminary studies showed the vortex to be insensitive to the
introduction of a probe and subject only to small wandering motions. Meaningful
velocity measurements could therefore be made using hot-wire probes.

Detailed analysis of the effects of wandering was performed to properly reveal the
flow structure in the core region and to give confidence in measurements made outside
the core. A theory has been developed to correct mean-velocity profiles for the effects
of wandering and to provide complete quantitative estimates of its amplitude and
contributions to Reynolds stress fields. Spectral decomposition was found to be the
most effective method of separating these contributions from velocity fluctuations due
to turbulence.

Outside the core the flow structure is dominated by the remainder of the wing wake
which winds into an ever-increasing spiral. There is no large region of axisymmetric
turbulence surrounding the core and little sign of turbulence generated by the
rotational motion of the vortex. Turbulence stress levels vary along the wake spiral in
response to the varying rates of strain imposed by the vortex. Despite this complexity,
the shape of the wake spiral and its turbulent structure reach an approximately self-
similar form.

On moving from the spiral wake to the core the overall level of velocity fluctuations
greatly increases, but none of this increase is directly produced by turbulence. Velocity
spectra measured at the vortex centre scale in a manner that implies that the core is
laminar and that velocity fluctuations here are a consequence of inactive motion
produced as the core is buffeted by turbulence in the surrounding spiral wake. Mean-
velocity profiles through the core show evidence of a two-layered structure that dies
away with distance downstream.

1. Introduction

This paper presents measurements that document the structure and development of
a tip vortex shed from a conventional wing. Such flows are of engineering importance
because they dominate the wakes of lifting vehicles. They are also of scientific interest
as examples of turbulent flows dominated by rotation.

There is a large body of literature describing experimental studies of tip vortices.
Many of these studies, particularly those concerned with the flow well downstream of
the tip, have encountered the problem of wandering. This coherent low-frequency
motion of the vortex can lead to large errors in mean velocity and turbulence
measurements made with fixed probes. Wandering has been recognized in a number of
investigations (e.g. Gasparek 1957; Corsiglia, Schwind & Chigier 1973; Green &



68 W. J. Devenport, M. C. Rife, S. I. Liapis and G. J. Follin

Acosta 1991) and is usually blamed on wind-tunnel unsteadiness. It appears that only
Baker et al. (1974) have attempted theoretical analysis of its effects.

The early development of tip vortices is revealed in the velocity measurements of
McCormick, Tangler & Sherrieb (1968), Chigier & Corsiglia (1971), Mertaugh,
Damania & Paillet (1977), Zheng (1992), Chow, Zilliac & Bradshaw (1994) and others.
Flow visualizations have also been performed (Francis & Katz 1988; Katz & Bueno
Galdo 1989; Engel 1995) as has particle image velocimetry (Green & Acosta 1991;
Shekarriz er al. 1993). The nascent vortex grows quickly with streamwise distance on
the suction side of the tip. Its high rate of rotation produces low pressures in its core
that accelerate incoming fluid to produce a large axial velocity surplus. Turbulent
activity in this region seems to be associated with the separated boundary layer from
which the vortex core forms (Chow et al. 1994). As the vortex leaves the trailing edge
substantial changes occur as it adjusts to the absence of solid boundaries. The core
becomes axisymmetric within 2 or 3 chordlengths (Accardo, Cenedese & Cioffi 1984;
Green & Acosta 1991) and the axial velocity surplus usually reverses, becoming a
deficit. Some authors show the almost immediate formation of a deficit (e.g. Stinebring,
Farell & Billet 1991; Shekarriz et al. 1993) whereas others show a surplus persisting
further downstream (e.g. Thompson 1975; Green & Acosta 1991). The vortex path
may develop a kink just downstream of the trailing edge (Chigier & Corsiglia 1971,
Green & Acosta 1991 ; Engel, 1995) produced by interaction with secondary structures
shed from the tip. Velocity fluctuations in the vortex core can be intense here (Green
& Acosta 1991; Chow ef al. 1994) due to unsteadiness as well as turbulence. Chow ef
al. (1994) show the turbulence to be rapidly stabilized by the rotation of the core
downstream of the trailing edge, but Green & Acosta (1991) show significant
unsteadiness persisting up to 10 chordlengths downstream. Turbulence is also found in
the rest of the wake which, once shed from the wing, begins its roll-up into a spiral
structure around the core (Mertaugh et al. 1977; Stinebring et al. 1991; Chow et al.
1994; Zheng 1994).

The development of the vortex further downstream has been documented by several
fixed-probe studies, but few attempt to verify the absence of wandering and none try
to correct for its effects, making it difficult to draw firm conclusions. Of these
measurements, Singh & Uberoi’s (1976) appear least affected by wandering. These
measurements, made up to 80 chordlengths downstream, show velocity fluctuations to
be strongest in a ring surrounding the core. The vortex was shed from a laminar flow
wing, however, and had a large destabilizing axial velocity deficit (Mayer & Powell
1992) that is not found in most tip vortices. Perhaps the most useful studies in this
region have been performed in free flight (e.g. McCormick et al. 1968 ; Bisgood, Maltby
& Dee 1971; Panton, Oberkampf & Soskic 1980), by scanning probes through the
vortex (e.g. Corsiglia et al. 1973; Ciffone & Orloff 1975) or through flow visualization
(e.g. Lezius 1974; Sarpkaya 1992). The consensus of much of the scanning and free-
flight work, established in the papers of Ciffone (1974) and Iversen (1976) is that tip
vortices show little growth or decay over the first 20 or more spans downstream of the
wing (i.e. for about as long as the vortex develops independently of its twin shed from
the opposite wing tip). Iversen attributes this to the action of a non-equilibrium
turbulence structure, on the basis of earlier turbulence model calculations by
Donaldson (1972) and Baldwin, Chigier & Sheaffer (1973). The presence of turbulence,
or at least significant unsteadiness, in the vortex core would appear to be consistent
with the flow visualizations of Sarpkaya (1992) but appears at odds with low
turbulence levels measured in an aircraft tip vortex by Panton et al. (1980) and full-
scale flow visualizations, such as those of Huffaker, Jelalian & Thompson (1970) and
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Garodz (1971) which suggest a laminar-like structure. Laminar flow could explain the
very slow decay, and appears plausible given the stability calculations of Mayer &
Powell (1992). A laminar core is also suggested by recent simulations (Ragab &
Sreedhar 1995; Ragab 1995) and turbulence calculations (Zeman 1995).

While there have been very few reliable turbulence measurements in a tip vortex
beyond the tip region, such measurements have been made on trailing vortices
generated by split wings. Split-wing vortices appear less susceptible to wandering
(although not immune, see Vogel, Devenport & Zsoldos 1995) and are thus more easily
measured. Turbulence stress measurements have been made in split-wing vortices by
Phillips & Graham (1984) and Bandyopadhyay, Stead & Ash (1991), among others.
Both of these studies show velocity fluctuations to be near maximum in the vortex core.
At the same time, Phillips & Graham’s data show almost no discernable diffusion of
the core (unless a strong jet or wake is superimposed) and Bandyopadhyay et al’s
visualizations and velocity traces suggest that the core is relaminarizing. The large
stresses in the core may therefore indicate the presence of unsteadiness in the core not
associated with turbulent mixing (or wandering). Core velocity spectra and flow
visualization analysis by Bandyopadhyay et al. suggest that some of this unsteadiness
may have a coherent wave-like form. While these results are interesting, it should be
borne in mind that tip and split-wing vortices can have a quite different turbulence
structure. Specifically, split-wing vortices are formed by the merger of two tip vortices,
the merging process producing a large region of roughly axisymmetric turbulence
around the core that is absent from a tip vortex (Smits & Kummer 1985; Zsoldos &
Devenport 1992). A comparison of the turbulence structure of split-wing and tip
vortices generated under like conditions may be made by comparing the results of
Zsoldos & Devenport (1992) or Vogel et al. (1995) with those of the present paper.

Despite much work there is obviously a lot missing from our understanding of tip
vortices beyond a few chordlengths downstream of the wing. There have been no
measurements of the cross-sectional turbulent structure outside the core and few if any
low-uncertainty mean flow or time-average turbulence measurements inside, leaving
turbulence modellers little to go on. Considering its universal nature, there has also
been surprisingly little attention paid to characterizing the wandering problem and
quantitatively accounting for its effects.

It is the objective of the present investigation to provide new understanding of tip
vortex flows in this region. With the above backdrop our approach has been to study
the vortex shed from a conventional wing tip and, despite wandering, to do it using
fixed hot-wire probes, since only these can provide the necessary statistical and spectral
information. Unlike many previous investigations, however, we have gone to some
lengths to analyse and quantify the effects of vortex wandering. We have been able to
reverse its effects on mean-velocity measurements and have used spectral de-
composition to separate its velocity fluctuations from those produced by turbulence.
This approach has yielded, for the first time, clear views of the time-averaged
turbulence structure of these flows.

This paper is organized as follows. We begin with descriptions of the apparatus and
instrumentation (§2) and of the analysis of the effects of wandering (§3). The
presentation of results and discussion (§4) begins with a description of the overall form
of the vortex and then examines in detail the flow structure inside and outside the core
region. The main findings are that the core of the vortex is laminar and therefore
develops very slowly, and that the turbulence structure in the wake spiral reaches a self-
similar form.
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2. Apparatus and instrumentation

Experiments were performed in the Virginia Tech Stability Wind Tunnel. This
facility has a test section of square cross-section 1.83 x 1.83 m and length 7.33 m. Flow
in the empty test section is closely uniform with a turbulence intensity of less than 0.1 %
(low-frequency cut-off &~ 2 Hz, Choi & Simpson 1987). A slight favourable streamwise
pressure gradient dC,/dx = —0.3% m™" exists in the test section owing to boundary
layer growth.

A rectangular-planform NACA 0012 wing with a 0.203 m chord (¢) and blunt tip
was used to generate the vortices. It was mounted vertically as a half-wing at the centre
of the upper wall of the test section entrance with 0.879 m protruding into the flow
(figure 1). For most of the measurements the boundary layer on the wing was tripped
using 0.5 mm diameter glass beads glued in a random pattern between the 20% and
40 % chord locations. Average density was 200 beads cm ™2 Some measurements were
also made using a more severe trip extending from the 0% to 40 % locations, and some
were made with no trip at all. To judge the effectiveness of the trips, boundary layers
at the wing trailing edge were measured using single hot wires (Devenport, Glegg &
Sharma 1992). These data show fully turbulent boundary layers except on the pressure
side when no trip was used. The boundary layer here appeared transitional. Typical
boundary layer properties are summarized in table 1.

A miniature four-sensor hot-wire probe consisting of two orthogonal X-wire arrays
(Auspex Corp. AVOP-4-100, figure 2) was used for velocity measurements in the
vortices. It has 5 pm tungsten sensors 0.8 mm in length and a measurement volume of
some 0.5mm?® This type of probe, more normally associated with vorticity
measurements (e.g. Kovasznay 1954), was chosen after an initial study (Devenport et
al. 1992) showed it to be better than standard triple and X-array probes for trailing
vortex measurements. The triple-wire probe was found to be very sensitive to gradient
errors of the type found in vortices, axial velocity measurements being contaminated
(up to 10%) by the streamwise vorticity. The X-array probe also displayed some
sensitivity to streamwise vorticity and produced large uncertainties in Reynolds stress
measurements because the velocity components were not measured simultaneously.
The 4-sensor probe, being capable of simultaneous 3-component measurements from
a relatively compact measurement volume, appeared to overcome both of these
problems. Note that 4-sensor probes, which can suffer serious problems in boundary
layers (Vukoslavéevi¢ & Wallace 1981), are well suited to wake flows because they
contain only weak axial velocity gradients.

Each of the hot-wire sensors was operated separately using a Dantec 56C17/56C01
anemometer unit. Anemometer outputs were read by an IBM AT compatible
computer through an Analogic 12 bit HSDAS-12 A /D converter buffered by four x10
buck-and-gain amplifiers. The dynamic response of all four channels of the system was
measured separately using the method of Wood (1975) and found to be adequate to
well over 20 kHz. A traversing gear mounted in the wind tunnel allowed horizontal and
vertical positions of the probe to be controlled from the computer. A probe holder
(figure 2) positioned the tip of the probe well upstream of the traverse gear. Rods were
used to offset the probe from the holder so that the holder did not have to be placed
in or near the vortex core for the probe to be positioned there. The probe was held
parallel to the free-stream direction for all velocity measurements since previous studies
(see Appendix A) indicated that pitching or yawing the probe in the vortex would lead
to probe interference.

The probe was calibrated separately for velocity and angle response. Velocity
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~Wing Vortex centreline

™ Wind-tunnel test section

FIGURE 1. Schematic of the wind-tunnel test section showing coordinate systems. The direction of
coordinate z is out of the paper.

Pressure side Suction side
8/¢x 100 4.35 6.22
o*/cx 100 0.99 1.61
6/c =100 0.58 0.87
Re, 2900 4355

TasLE |. Boundary layer properties at the wing trailing edge for the baseline flow. Chord
Re = 530000, 20-40% trip, 5° angle of attack, y/c = 1.2

calibrations were performed in the wind-tunnel free stream. Cooling velocities were
determined using a Pitot static probe accounting for the effective angle of each of the
sensors and the local flow direction at the calibration position, the latter being
determined in advance using a seven-hole yaw probe. King’s law was used to curve fit
calibrations to an accuracy of better than 1%. To calibrate the angle response a
method similar to that of Mathioudakis & Breugelmans (1985) was used. In this
method the probe is placed in the potential core of a uniform jet of known flow
direction and velocity equal to the wind-tunnel free-stream velocity. The cooling
velocities are then measured as the probe is pitched and yawed over all likely angle
combinations from +45° to —45°. At each angle combination, standard X-array
response equations (e.g. Tutu & Chevray 1975) are used to extract rough estimates of
U and V from the cooling velocities of one pair of sensors and U and W from the other
(figure 2). After averaging the two U estimates (to minimize the influence of axial
vorticity) the quantities ¥/Q, W/Q and Q are calculated, where Q = (U*+ V2 + W?)1/2,
Look up tables of the errors in these estimates as a proportion of Q are then constructed
by comparing them with true values inferred from the pitch and yaw angles.
Interpolations on these tables are then used to correct instantaneous estimates of V/Q,
W/Q and @ obtained during a measurement. Residual errors, evaluated by
reprocessing the angle calibration data, were small. Repeatability was also found to be
good. The angle calibration appeared to be a strong function only of the prong
geometry.

This approach is much more accurate than using only standard angle response
equations and avoids several difficulties normally associated with the accurate solution
of those equations. The calibration process also reveals the acceptance cone of the



72 W. J. Devenport, M. C. Rife, S. I. Liapis and G. J. Follin

( Holder

12.7 mm

114 mm
~—»| la— 4.8 mm

Probe

89 mm ——————»‘

w
FIGURE 2. Schematic of the hot-wire probe and support.

probe (the region within which a single-valued relationship between the cooling
velocities and velocity components can be established) thereby preventing non-
uniqueness problems. One advantage of the method over others in which look up
tables are used (e.g. Leuptow, Breuer & Haritonidis 1988 ; Browne, Antonia & Chua
1989; Dobbeling, Lenze & Leukel 1990) is that sophisticated interpolation is not
required because the corrections vary only slowly over most of the acceptance cone.
One possible drawback is the assumption that the angle calibration is independent of
velocity. In the present flows, however, absolute velocity variations were small
(typically < +15%) and angle calibrations performed over a range of speeds indicated
negligible dependence on velocity over this range.

Hot wires offer some desirable characteristics of measuring tip vortices. They give
continuous, low-noise signals and are well suited to the measurement of velocity
spectra — important if vortex wandering and other inactive motions are to be separated
from turbulence. They are also capable of measuring the low turbulence levels one
expects and readily give the statistical turbulence information used by turbulence
modelers. Hot wires are intrusive, however, and tip vortices have a reputation for being
unusually sensitive to probe interference. Establishing the lack of interference was
therefore an important prerequisite of the present study. The results of this work,
described in Appendix A, show no evidence of interference at any of the measurement
conditions studied.
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3. Wandering

A second problem that must be addressed in using a fixed probe is wandering — the
slow side-to-side movement of the vortex core that seems to be a universal feature of
wind-tunnel-generated vortices. Wandering may be self-induced or a consequence of
free-stream unsteadiness but in either case its most significant effect is to obscure
important flow details. It is so far separated from turbulent motions in terms of
frequency that its influence on vortex development is almost certainly negligible.

In the past there has been little attempt to precisely quantify wandering or accurately
estimate the errors it produces. Without such estimates it is very difficult to interpret
measurements made using fixed probes in and around tip vortex cores. Part of the
reason for this state of affairs may be the perception that the effects of wandering are
overwhelming and irreversible. While this is certainly the case when the wandering
amplitude is many times the core diameter (e.g. Corsiglia et al. 1973) we have found
that it is not so when the amplitude is much smaller, as in the present experiment.
Below we develop a mathematical description of the effects of wandering, the results
of which provide methods for determining the amplitude of wandering, for estimating
its effects, and for reversing those effects.

Consider the situation shown in figure 3 which shows a cross-section through a tip
vortex subject to coherent wandering motions. What we desire are velocity
measurements in a frame of reference that moves with the wandering. What we have
are measurements in a fixed frame. To deduce the former from the latter we must
assume that the wandering is independent of any turbulent motion and that velocities
associated with the wandering movement itself are negligible in comparison to those
generated by the vortex.

Figure 3 shows three points: the origin, defined as the location of the vortex centre
averaged over its coherent motions; the current location of the vortex centre (y,,z,)
and the location of the probe (y,,z,). Consider the velocity field generated by the
vortex in its current location, specifically the Cartesian components U, V, W sensed by
the probe. These are functions of y and z, the position of the probe relative to the

current vortex centre, €.g.
Uy, 2) = U(yp— Yy 2p—2,)- (M

Because of the wandering motions the absolute position of the vortex centre changes.
Over a long period of time we can describe the vortex position using a probability
density function (p.d.f.),

P =P(Vps Z,)- )

So, over a long period of time the probe will measure mean velocities given by

Um(yp’ Zp) = f f p(yva Zv) U(yp_yv’ Zp—zv) dyv dzv’ (3)

with like expressions for ¥ and W, and apparent Reynolds stresses given by

(yy02,) = J f 230r2) Uy =92y —2,) V(3 =y 2 — 2,) dyydz,— U, Vi,
@
.

with like expressions for 2, v2,, w?, vw,, and uw,,. (As is common practice, we refer
to the mean square velocity fluctuations and correlations as stresses, the multiplying
density having been dropped for brevity.) Relations similar to equation (3) may be
written for any quantity linearly related to the Cartesian velocity components, e.g.
vorticity. Equation (3) was first derived by Baker et al. (1974).
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FiGgure 3. Coordinate system and definition of symbols for wandering analysis.

Our objective here is to reverse the smoothing process implied by equation (3), i.e.
to determine the true mean velocity field in terms of that measured, and then compute
the Reynolds stress contributions given in equation (4). In principle this is
straightforward since equation (3) is the convolution of p with U and so can be inverted
using Fourier transforms. Numerical application of such a procedure is, however,
impractical. A more workable approach is to use equation (3) to reveal analytically the
effects of wandering on specific velocity fields and then use these results to determine
corrections. We consider below two such solutions. The first, for a g-vortex, gives
simple rules of thumb for estimating the wandering amplitude and the magnitude of its
effects on measured core parameters. The second, for a general vortex, provides a
comprehensive method for correcting mean velocity profiles for the effects of
wandering and for determining its effects upon turbulence stress fields.

3.1. Seolution for a g-vortex

Several previous studies of trailing vortices (e.g. Dosanjh, Gasparek & Eskinazi 1962;
Hoffman & Joubert 1963; Phillips & Graham 1984) report mean tangential and axial
velocity profiles that, in the vicinity of the core, are similar to the laminar g-vortex
solution of Batchelor (1964), i.c.

2
v, = Vm(1+0.5/a)%[l—exp<—a%)] (5)
1
r2
and U= UDexp<—-oc?), (6)

where r* = y*+ 2% o = 1.25643 and V,, U, r, and d are respectively the measured peak
tangential velocity, centreline axial velocity (relative to free stream), core radius and
radial scale of the axial profile. Imagine such a vortex subject to wandering motions
being measured with a fixed probe. If we assume Gaussian isotropic wandering of
r.m.s. amplitude o, i.e.

_ 1 Yot
p(yvazv)—mexp(_ 20_2 )s (7)

then we may determine the measured flow field analytically. In the case of the
tangential velocity this is done by expressing ¥} in terms of a Cartesian component, say
V = V,z/r, substituting it and equation (7) into equation (3) and performing the
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integration. This is most easily done in the Fourier domain (see Monaghan & Humble
1993 for the required transform) and yields, after converting back to tangential
velocity,
Vym = Vy(140.5/a) 2| 1 s
om = Ver(1+0. /a)a[ —CXP(*amﬂ» ®)
where r2 = y? +z2. This is still a g-vortex profile but with a larger core radius and lower
peak tangential velocity. The ratio between the true core radius and that measured is

r/fm = (1 —2a0?/r2, )2 C)]
The ratio between the true peak tangential velocity and that measured is
Vor/ Voum = Fiml/11 (10)

which implies that the true core circulation is measured despite wandering.
Proceeding in the same way we find that the measured axial velocity field is still
Gaussian,
r2
U, = UDmexp(—ad—§> (1D
m
but with a smaller centreline velocity

Up

- ___ "D 1
Ubm 14+ 2a0?/d? (12)

and a larger radial scale d,,, the ratio between d and d,, being the same as that between
ryand 7,

Equations (9), (10) and (12) show that the consequences of wandering can be serious.
Wandering of r.m.s. amplitude equivalent to 50 % of the measured core radius will
result in a 64 % overestimate of core radius, and an equivalent underestimate of peak
tangential velocity. Similar errors are predicted for the axial velocity. Some comfort
might be taken from the fact that form of the profiles is unaltered. However, this is not
a general result but a consequence of the special invariance of Gaussian functions
under convolution (the g-vortex tangential velocity field implies a Gaussian axial
vorticity field). In fact, it can be proved (see Appendix B) that with Gaussian
wandering any axial vorticity or velocity field will smooth toward a Gaussian form.
The velocity field of any vortex will therefore appear as a g-vortex given sufficient
wandering. Any apparent universality of the g-vortex form may therefore be a
symptom of the universality of vortex wandering rather than of any underlying
physical structure.

Equations (9), (10) and (12) can be used to estimate the effects of wandering upon
measured vortex parameters. To apply them, however, it is necessary to have the r.m.s.
amplitude of vortex wandering o. This may be obtained from mean-square tangential
velocity measured at the core centre, v2, (0,0) (inferred from a v or w measurement),
if we assume that this is entirely generated by vortex wandering. Dividing the square
root of v7,(0,0) by the measured tangential velocity gradient at the core centre one
obtains a first estimate of the wandering amplitude o ,,. Assuming isotropic Gaussian
wandering and a g-vortex mean-velocity field it is possible to derive the following
implicit relationship between this estimate and the true value:

Ufn_(rf/02+2a)ln( 2a0?/ri+1 )

= 2a (dac?/r2 4+ 1)V2

(13)
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It is simple to show that in absolute terms (i.e. not normalized on r,) the actual
wandering amplitude will always be less than the estimate.

3.2. General solution method

In general, as in the present experiments, tip vortices do not have g-vortex velocity
distributions and their wandering may not be isotropic. A broader method is therefore
needed if the true velocity fields and wandering characteristics of real vortices are to be
accurately determined from fixed probe measurements. This method avoids the
impractical numerical inversion of equation (3) by making two simplifying assump-
tions.

First we assume that flow in the vicinity of the vortex core is axisymmetric and that
the true axial velocity and vorticity fields here may be accurately described by series of
the form

n 2 2
s = £ dexp( 225 (14)

i=1 a;
where A, and a, are constant coefficients and, in the case of axial velocity, the free-
stream velocity has been subtracted. This series cannot describe arbitrary functions,
but it is well suited to the bell-shaped velocity and vorticity distributions of vortices.
The series and following method could be generalized by incorporating additional
coeflicients to shift the origins of y and z but we have found this unnecessary. Our
interest in the vorticity comes out of a desire to obtain the tangential velocity field. If
g(y,z) is used to represent vorticity (= (1/r) (dr¥,/0r)) this implies a tangential velocity

n Bz 2 ‘+‘Z2
) = B2 e (225 (1s)
i=1 i
where B, = A4,a;/2.
Secondly, we assume a non-isotropic Gaussian form for the p.d.f. of vortex position
] —1 2127 yiz) 2yv Zy
p(yva Zv) = 21t0'y 0'2(1 —82)1/2 2 Y [2(1 _eZ) (0_—?+0__Z_;_;7Z) > (16)

where o, and o, are the r.m.s. amplitudes of wandering and e is the correlation
coefficient. Since o, o, and e are determined as part of the problem, this assumption
is not very critical. Using, for example, a uniform distribution in place of the Gaussian
was found to produce differences in corrections for wandering that were smaller than
the uncertainty in the rest of the method.

Given these assumptions the problem at hand is to determine 4,, a;, 0, 0, and e
from measurements made in the vortex in the presence of wandering. Substituting
equations (14) and (16) into (3) and performing the integration analytically we obtain

r A ak -1
En(Vps2,) = El Eir exp (f— (Vil2o; +all+Z 2070 +af] -4y, z ye0, crz)), )

where E; = (207 +a}) (202 + a}) —4e*s> o}. Consider now a cut through this distribution
along the z-axis as would be measured when taking a profile through the average vortex
centre location:

n A.a? n
gn(0,2,) = X 1 exp (= 2203 + @]/ E) = 2 Ciexp (—23/¢f) (18)
i=1 ¢ i=1

say. In the case of the axial velocity, if the coefficients C, and ¢, are determined by
fitting the measured profile, then the coefficients of the true axial velocity distribution



The structure and development of a wing-tip vortex 77

A4, and a;, may be obtained by comparing terms in equation (18). After some algebraic
manipulation this gives
aj = jc} — oy — oL +3[(20% + 207 — ¢})* — 1607 02(1 — €*) + 807 ¢3]'2, (19)
4= CEV/a,
where positive square roots are taken.

Consider now the case of the axial vorticity. The wandered vortex is no longer
axisymmetric so the vorticity is equal to (1/r)(0rV,/or)—(1/r)(@V,/06), making the
tangential velocity difficult to compute. However, the second term will be small except
in extreme circumstances so we calculate the tangential velocity by ignoring it:

Fon0.2) = £ 24| 1-exp 22 . (20)

2
i=1%p 47

where D; = C, ¢2/2. If the coefficients D, and ¢, are now obtained by fitting a measured
profile, the coefficients of the true tangential velocity field B, and g, are given by
equation (19) and
B, = D20} +a})/E}” (21)

The above relations provide a method for estimating the true vortex velocity
distribution given o,, o, and e. Determining these is straightforward if we have a
measurement of the intensity of cross-flow velocity fluctuations at the core centre

produced by wandering, specifically, v2,, w2, and ow,,. In many situations (as in the
present flows) these statistics may be obtained from the raw velocity signal since this
is usually dominated by wandering. In situations where turbulent fluctuations are also
important, low-pass filtering may be necessary. We begin by assuming values for o,
o, and e. These and the above curve fits to the measured velocity profiles U, and V,,,
are then used to estimate the true velocity field for the vortex via equations (19) and
(21). With this estimate and the assumed wandering amplitudes, equation (4) is used
to compute the apparent stresses v%,, w?, and ow,, at the core centre. In general these
will not agree with the measured values so o, o, and e are adjusted and the procedure
repeated until they do. If ¢, and o, are adjusted by writing

32/new = U;old w_znmeas w_fncalc’ U:new = U:old ameas Ecalc (22)
and e is recalculated by requiring that the principle axes of the apparent stresses be the
same as those of the wandering (as they must), then convergence is achieved within a
few iterations.

This technique yields estimates of the true velocity field of the vortex and the
wandering amplitudes from measured mean velocity profiles and the intensity of
velocity fluctuations of the core centre generated by wandering. With these results
equations (3) and (4) may be applied to compute the full mean velocity and apparent
stress fields that should be measured in the presence of the wandering. The former,
when compared with the original measured profiles, provide a check on the procedure
and can be used to examine the validity of ignoring (1/r) (0¥;/06) in deriving equation
(20). The latter may be used to define those regions where the wandering contributions
to the measured stresses are significant. As long as they are not overwhelming,
wandering contributions may then be subtracted to obtain more credible turbulence
distributions.

3.3. Implementation
Curve fits to measured vortex-core velocity profiles, using the series in equations (18)
and (20), were performed by the method of least squares. This involved choosing in
advance the number of terms in each series, # (typically 20 — about half the number of
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FiGURE 4. Comparison of (a) axial and (b) tangential velocity profiles at x/¢ = 30 in the baseline flow.
Triangles, measured velocity profiles; thin lines, curve fits to those profiles; thick lines, profiles
corrected for wandering; dots, uncertainty due to correction procedure.

measured points), and the coeflicients ¢,. These coefficients define the radial scale of the
function described by each term. Note that, for a given wandering amplitude, there is
a minimum for ¢, given by the solution to equation (19) for af=0, ie.
¢; > [202(1 —€®)]¥2. Physically this is the smallest radial scale that can result from
wandering of the true profile. Beyond satisfying this requirement, values of ¢, were
chosen to be linearly spaced at about twice the measured point spacing.

As long as the ¢; were fixed to give a wide range of radial scales, the resulting curve
fits appeared very good in all cases (judged visually and by their r.m.s. error). The exact
choice of the ¢, had a greater influence on the profiles once they had been corrected for
wandering, implying some uncertainty in the process. This uncertainty was estimated
as twice the r.m.s. of variations in the corrected profile produced from a range of
different initial curve-fit parameters. In many cases this turned out to be less than the
measurement uncertainty in the original data. Uncertainty contributions associated
with the correction process were greatest over the inner 40 % or so of the core radius
and increased with wandering amplitude. As an example, figure 4 shows axial and
tangential velocity profiles through the present trailing vortex core at x/¢ = 30 in the
baseline flow (see table 2). This case was one of the most uncertain because wandering
amplitudes were large (o, = 0.312r,,, 0, = 0.285r,,,e = 0.266) and scatter in the raw
measurements was greatest. Included in figure 4 are the measured points, the curve fits
through those points, those curve fits corrected for wandering and estimates of
uncertainty introduced by the corrections. Despite the scatter the curves accurately
described the form of the measured profiles. Uncertainties introduced by the correction
process are small except close to the core centre, but even there are less than 15%V, .
The corrected profiles show a 12 % smaller core radius, 15 % greater tangential velocity
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and an 11 % greater axial velocity deficit than those originally measured. These lie
fairly close to the values of 12%, 14% and 8% predicted by the ‘rules of thumb’ in
equations (9), (10) and (12) with o = [}(c? + o2)]"2

One way of checking the corrected profiles and the wandering amplitudes is to use
equation (4) to compute the apparent stress fields that they imply. Detailed
measurements of stress fields in the vicinity of the core were taken to compare with
these predictions. The comparison (figure 5) shows surprisingly good agreement
between measured and computed contours of »® and 7w, suggesting that these are
dominated by wandering. Similar agreement is seen in comparisons of w?, uv and aw
(not shown). The measurements of u® agree less well, lying about 30% above the
computed values. Presumably this is because the wandering contributions to u® are
more than an order of magnitude smaller than those to other normal stresses, making
it probable that other sources of velocity fluctuations are significant.

The close agreement between measured and predicted stress fields is encouraging and
suggests that the corrected velocity fields and the inferred wandering amplitudes may
be accurate. The accuracy of the predictions appears at least sufficient to define regions
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where wandering contributions to the measured stresses are significant. An inadvertent
byproduct of the comparisons in figure 5 is that they demonstrate a certain level of
accuracy in the hot-wire Reynolds stress measurements. It also seems very unlikely that
such accuracy could be achieved in the core region if probe interference were a
significant factor.

4. Results and discussion

Experiments were performed over the range of conditions listed in table 2. Most
measurements were made to document the development and structure of the baseline
flow, generated at a chord Reynolds number U, ¢/v of 530000 with the wing at an
angle of attack a of 5° and with the 20%—40% trip attached. Grids of velocity
measurements were made at cross-sections 35¢, 10¢, 15¢, 20¢, 25¢ and 30¢ downstream
of the wing leading edge to reveal the roll-up of the vortex and the turbulence structure
and scaling outside the core region. Detailed velocity profiles and fine grids were also
measured at these stations to reveal the mean flow and turbulence structure in the core
region. To determine the scaling of velocity fluctuations in the core region, velocity
profiles were also measured in other flows generated with the wing at different angles
of attack (to vary core strength), with different trips (to vary wake strength) and at
different Reynolds numbers. Table 2 lists vortex core parameters measured at all these
conditions and locations. Table 3 lists typical uncertainties in velocity measurements.

The rectangular and cylindrical coordinate systems illustrated in figure 1 will be used
in presenting measurements. Distance x is measured downstream from the wing
leading edge. Distances y, z and r are measured from the vortex centre, unless otherwise
stated. Velocity components U, ¥ and W are defined in the directions of x, y and z
respectively.

Small-amplitude vortex wandering motions were present to a varying extent at all
conditions and locations. During measurements in the core, the wandering was visible
as a low-frequency fluctuation in the velocity signal. ¥ and W velocity fluctuations at
the core centre were in all cases dominated by this fluctuation, spectral measurements
showing typically 95% of the energy in these signals lying at frequencies below
fe/U, = 1. Anisotropy of the wandering motions was first indicated by velocity
fluctuation measurements at the core centre which in all cases showed unequal »* and
w? and non-zero 7w (see figure 5a for example). This anisotropy is a consequence only
of the very slowest motions— } and W autospectra measured at the core centre
differing only for frequencies below fc/U_ = 0.01 (=2 Hz for U, =40m s™'), see
Devenport et al. (1992). Long averaging times (typically 120 s) were necessary to obtain
statistically stationary results in the presence of these motions.

Amplitudes of wandering, determined from core velocity profiles using the method
described in §3.2 (see table 2), were in all cases a fraction of the core radius. Figure 6
shows the amplitudes as functions of streamwise position in the baseline flow and as
functions of angle of attack at a fixed position. The wandering amplitudes increase
roughly linearly with downstream distance and decrease with the angle of attack of the
wing. The latter variation suggests that the most important source of the wandering
may have been wind-tunnel unsteadiness, since this would decrease in importance as
the strength of the vortex was increased. (Test-section flow-direction changes of only
0.025° r.m.s. would be enough to account for the wandering motions in the baseline
flow.) This conjecture would seem to be supported by the fact that the preferred
direction of wandering was almost the same in every case — between 53° and 69° from
the z-axis toward the y-axis (see table 2). It is also consistent with the inferences of
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FIGURre 6. Wandering amplitudes (a) in the baseline flow and (b) as a function of angle of attack
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Figure 7. Contours of axial normal turbulence stress in the baseline flow normalized on U .
Contours are at intervals of 5x 107°. Shaded regions are where the contribution from wandering

exceeds 30 % of measured stress.

Uncertainty

Quantity Spiral wake Core
Uuv,w 0.015 0.015
w, 0.034 —

u? 3.1x10°® 1.4x 107
v? 9.5x 107 1.5x 107
w? 9.9x107® 2.0x 1078
D 43x10°" 1.4x]107®
oW 4.5%x10°° 23x107
uw 29x10°*® 8.5x107°®

TanLE 3. Uncertainties in velocity measurements calculated for 20:1 odds at typical locations in
spiral wake and core regions. All uncertainties are in terms of U_, U_/c or U% as appropriate
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FIGURE 8. Velocity measurements at x/c = 10 in the baseline flow. (a) Mean cross-flow velocity
vectors. (b) Contours of U/U,,. (c) Mean streamwise vorticity w_c¢/U,, obtained by differentiating
grid data. (d) Axial normal stress u®/U? x 10°. (¢) Turbulence kinetic energy k/U? x 10°. Shading
covers regions where wandering contributions were > 30%. Solid line shows core edge. Note that
contours are not accurate in the vicinity of the core due to the large grid spacing.

previous authors, most notably Baker et al. (1974) and Reed (1973). Wandering
amplitudes were used to correct mean velocity profiles and estimate the contributions
of wandering to turbulence stress fields. Corrections and contributions were negligible
outside the core regions (typically r/c > 0.1).
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FiGURE 10. Shape of the wake spiral (defined as the locus of peak axial normal turbulence stress)
normalized on £ as a function of x/c in the baseline flow.

4.1. Overall form of the vortex

Figure 7 illustrates the overall form of the vortex in the baseline flow in terms of
contours of axial normal turbulence stress u?/U2. More detailed views of the flow
structure outside the core region are given for x/c = 10 by the mean cross-flow velocity
vectors and contours of U/U_, mean streamwise vorticity w,c/U,, u*/U%, and
turbulence kinetic energy k/U? shown in figure 8.

The flow consists of a small concentrated vortex core (of radius between 0.03¢ and
0.04c, table 2) surrounded by a circulating velocity field (figure 8 a) that winds the rest
of the wing wake into an ever-increasing spiral. The scale of the spiral £, measured as
the z distance between the vortex centre and lowest point of the wake centreline
(defined by the locus of peak u?/U2), see figure 8(d), grows approximately as the
square root of x (figure 9). Interestingly, the shape of the spiral centreline is roughly
self-similar when normalized on £ (figure 10). The mean vorticity contours of figure
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FIGURE 1. Circulation profiles in the baseline flow compared with lifting-line theory and Betz’s
theory predictions.
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FIGURE 12. Spanwise position of the core 4 as a function of x/c in the baseline flow. Points deduced
from flow visualization. Tangents in upper figure show direction of core deduced from hot-wire

measurements.

8(c) and circulation distributions of figure 11 show the wake spiral to contain a
substantial proportion of the streamwise vorticity shed by the wing. The circulation
distributions, computed by integrating the profile and gird data on circular paths, are
compared with predictions of the circulation distribution on the wing (from lifting-line
theory) and in the vortex. The latter was obtained from the theoretical wing circulation
distribution using Betz’s (1933) theory (as simplified by Rossow 1973 and Donaldson,
Snedeker & Sullivan 1974), which assumes inviscid two-dimensional flow, axisymmetry
and complete roll-up of the vortex. All curves are normalized on the theoretical root
circulation I',. I'/I, increases monotonically with radius at all stations indicating that
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FIGURE 13. Velocity profiles measured through the wake at y/c = 2.5 (measured relative to the
wing-tip location) normalized on scales U, and L, defined in terms of the «* profile the z origin is at
the wake centreline.

the vortex is stable according to Rayleigh’s criterion. Outside the core region
(r/c > 0.1) the circulation distribution lies closest to the lifting-line theory prediction
and varies little with distance downstream. Closer to the core, where the wake spiral
is well merged and the flow more axisymmetric (i.e. near r/c = 0.05), there is initially
some agreement with Betz’s theory. However, this disappears at around x/c¢ = 20
where the circulation at this radius begins to fall, perhaps indicating some outward
diffusion of vorticity associated with the thickening of the wake spiral.

The trajectory of the vortex core is shown in figure 12 in terms of distance #, defined
as the y-coordinate of the vortex core centre relative to the wing tip. This trajectory was
deduced from helium-bubble flow visualizations performed at a lower Reynolds
number (130000) but is closely consistent with angles between the core and free-stream
flow direction inferred from the hot-wire measurements. As one would expect, the core
is seen to move inboard at a rate that decreases with distance downstream. Plotted on
logarithmic scales, # (like £) is seen to vary as the square root of streamwise distance.
Figure 12 also shows an estimate of the centroid of the vorticity distribution shed from
the wing obtained using lifting-line theory. According to Betz’s theory the vortex centre
should asymptote to this position. In reality the path of the vortex crosses this
asymptote at about x/c¢ = 26, apparently moving toward a location further inboard.
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FIGURE 14. Rates of strain and turbulence stress on the spiral wake centreline at x/c = 10 in the
baseline flow. Strain rates normalized on the maximum axial velocity gradient in the two-dimensional
portion of the wake. Locations and symbols defined in the lower part of figure.

4.2. Turbulence structure and scaling outside the core region

Figure 8(d, e) shows the turbulence structure outside the core region at x/c =10 in
detail. This is dominated by the wake spiral, any region of axisymmetric turbulent flow
around the core being small, if present at all. Turbulence levels vary along the spiral.
Far from the core, in the flat part of the wake, the structure of the flow appears much
like that of a two-dimensional turbulent wake. Mean axial velocity and Reynolds stress
profiles (figure 13) and velocity autospectra measured here are similar to those
presented by Wygnanski, Champagne & Marasli (1986) and Antonia & Britz (1989).
Three-dimensional effects become apparent as one moves outboard. Peak turbulence
levels first rise, reaching a maximum at y/c = 0.1, z/c = 0.38 near where the wake
begins to curve. They then fall monotonically as the core is approached along the
spiral.

These variations are presumably a consequence of the mean rates of strain and
lateral curvature suffered by the turbulence. Figure 14 shows mean rates of stretching
and skewing at the spiral wake centreline (determined by differentiating the grid
measurements) normalized upon S,,, the peak mean axial velocity gradient 8U/0z in
the two-dimensional part of the wake. Also plotted in figure 14 is the peak axial
turbulence stress. Far from the core the rate of skewing is small and negative at about
—0.4S,, but then increases rapidly, passing through zero at location 8 (near the
maximum in %?) and then through 1.0 at location 13. The magnitude of the stretching
is smaller at most locations and remains approximately constant at about 0.255,,
Positive skewing and stretching are generated by the rotational velocity field of the
vortex, specifically 0¥,/dr. Negative skewing is associated with the streamwise vorticity
embedded within the wake itself (figure 8c).

The additional rates of strain appear to influence turbulence levels by inhibiting the
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FIGURE 15. Velocity autospectra at selected locations along the spiral-wake centreline at x/c = 10
in the baseline flow.

larger turbulent eddies. Velocity autospectra G,,; and G, + G, (We plot the sum of
V and W autospectra since this is invariant to rotation in the cross-flow plane),
measured at points along the wake centreline (figure 15 for example), show a
substantial drop in low-frequency energy as the rates of strain increase. The drop is
greatest around the peak in G, + Gy, near fc/U,, = 3 which, following the work of
Antonia & Britz (1989) and others, we would expect to be associated with the dominant
large-scale eddies. Interestingly, the suppression of these eddies has less effect on the
smaller turbulence structures, at least as they are represented in the velocity spectrum.
Spectral levels at frequencies above fc/U, = 20 remain at almost the same absolute
values along the outer part of the spiral (locations A to E). Closer to the core they rise
slightly (locations F and G) perhaps because of additional small-scale turbulence
released by the breakup of large eddies in the very high strain rates here.

The streamwise development of turbulence structure outside the core is visible in
figure 7. There is little sign of turbulence being sustained or generated by the rotational
motion of the vortex outside the core region. Most of what is seen appears to be the
decay of turbulence associated with the axial velocity deficit of the spiral wake. In the
flat part of the wake far from the core the decay is like that of a self-similar two-
dimensional wake. The evolution of velocity and turbulence profiles here (figure 13)
can be described by a single length scale L,, and velocity scale U,, (defined here using
the axial normal stress profile) which grow and decay approximately as the square-root
of streamwise distance. Closer to the core the decay is accelerated by the additional
rates of strain. Figure 16(a) shows the peak axial turbulence stress in the wake spiral
(normalized on its value in the two-dimensional region U2) plotted as a function of
radius for the six streamwise stations. At all radii less than 0.5¢ the decay rate is
significantly more rapid than in the two-dimensional region.

Interestingly, the data in figure 16(a) may be collapsed to a single curve if the radius
is normalized on &, the scale of the spiral (figure 165). This appears to be the result of
an approximate self-similarity of the turbulence structure, which arises because of two
coincidences. First, the scale of the spiral £ and the wake thickness L,, both increase
roughly as the square-root of x. This means that since the shape of the spiral centreline
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FIGURE 16. Peak axial normal turbulence stress in the wake spiral as a function of radius
normalized on (@) chordlength, and (b) scale of the spiral. Baseline flow.

becomes constant when scaled on £ (figure 10), so does the entire footprint of the wake.
Secondly, the rates of strain S imposed by the tangential velocity field of the vortex
upon the spiral wake vary as 1/r* at large radius since the circulation here varies only
slowly. This makes them only a function of r/£ when normalized on U, and L,, i.e.

s, L, &1L, &
U

w

~ =2 ~
2 2 2 2
w r’U, r‘gU, r

which follows given the square-root variations in &, L,, and U,,.

Approximate self-similarity in the footprint of the spiral wake and in the rate of
strain it experiences when scaled on U, and £ leads to the self-similarity of the
turbulence stress field that was hinted at in figure 16(b). The extent of this self-
similarity may be illustrated by re-plotting the turbulence stress contours of figure 7
scaled on U, and £, as is done in figure 17. In these terms, there is little variation in
the turbulence structure downstream of x/c = 10.

It is worth noting that self-similarity of the turbulence stress field is not a forgone
conclusion given similarity of the rates of strain. The above analysis implies that a fixed
radius and thus, presumably, a given body of wake turbulence, experiences a non-
dimensional rate of strain that increases linearly with x. History effects in the
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FiGURE 17. Axial normal stress data of figure 7 normalized on similarity variables U, and &.
Contours at intervals of 0.1.

0.3 0.3
02 Ffpfr 02
b8 r s
= R
R L 0.1
0F —]
o xlc
9 — 35
af -1
3 - =20
= — - - =25
: 30
2B . : -02 :
0 0.04 0.08 0.12 0 0.04 0.08 0.12
r/c r/c

FIGURE 18. Mean tangential and axial velocity profiles through the core in the baseline case (a)
uncorrected and (b) corrected for the effects of wandering.

turbulence would therefore work against self-similarity. However, the increase is slow
(a factor of 3 from x/c = 10 to 30 — a distance equivalent to over 200 initial Z,, values)
and thus the turbulence may have time to adjust.

4.3. Mean flow structure in the core region

Figure 18 shows mean axial U and tangential ¥, velocity profiles through the core
region in the baseline flow at the six x stations. All profiles were measured parallel to
the z-axis. The radial velocity component is not plotted since in the core region it was
zero to within the measurement uncertainty. To obtain these profiles it was necessary
to resolve the velocity components in core-aligned coordinates (to compensate for the
small angle between the core centreline and free stream, see figure 12) and then identify
the core centre as the point of zero cross-flow velocity.

Figure 18 shows the profiles both before and after correcting for the smoothing
effects of wandering using the method of §3.2. The uncorrected profiles show apparent
growth of the core, decay of the peak tangential velocity, decay of the axial velocity
deficit and some changes in the shape of the tangential profiles. Correcting for
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FIGURE 19. Development of tangential velocity profiles in the baseline flow computed assuming
laminar flow starting with the measured profile at x/c¢ = 5.
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FIGURE 20. Mean tangential and axial vel&‘)city profiles through the core at x/c = 10 as functions
of angle of attack. Profiles corrected for the effects of wandering.
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FIGURE 21. U-component autospectra along a z-wise profile from the spiral wake to the core
centre in the baseline flow a x/c = 10.

wandering reduces the apparent growth and decay of core parameters, but accentuates
some of the changes in profile shape. In the corrected profiles the peak tangential
velocity, core radius and axial velocity deficit remain constant to within the
measurement uncertainty at about 0.27U_, 0.036¢ and 0.155U, respectively. These
imply a core circulation I'; of 26 % of I', a core circulation Reynolds number I, /v of
33000 and a Rossby number Re (axial deficit over peak tangential velocity) of 0.57.
The changes in profile shape include a factor of two to three decay in the tangential
velocity gradient at the core centre, and the disappearance of an inflection seen in the
V, profile at x/c = 5.

Much of the development of the tangential velocity field seen in figure 18 is
sufficiently slow to be accounted for entirely by viscous diffusion. Figure 19 shows the
development of the tangential profile computed assuming laminar, cylindrical flow
(v, = 0, u =+ f{x)) starting with the measured profile at x/c = 5. Between x/c = 5 and 20
the measured and computed development are very similar. Between x/c = 20 and 30
the measured decay appears faster, but this may well be due to greater uncertainty
associated with the wandering corrections at x/c = 25 and 30.

The inflection point seen in the profile at x/¢ = 5 and the manner of its disappearance
suggest a two layered structure — an inner core that grows with downstream distance
and an outer core of approximately constant radius. Evidence for such a structure is
also seen in some of the other flows. Figure 20 shows corrected tangential and axial
velocity profiles measured at x/c = 10 as a function of wing angle of attack. At 2.5°
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FiGURE 22. U-spectra at the core centre in the baseline flow normalized
on free-stream velocity and chordlength.

only a single core edge is seen at a radius of about 0.02¢. The other profiles, however,
show evidence for two core edges, one apparently fixed near r/c = 0.02, and the other
increasing in radius with angle of attack from 0.03c¢ at 3.75° to 0.045¢ at 7.5°. There
is even some evidence of a double core in the axial profile at 7.5°, which appears to
show a small axial velocity surplus superimposed upon a larger deficit. Note that none
of these features are pure products of the wandering corrections. All are seen in the
uncorrected data.

It seems likely that the double core is a remnant of the initial condition. Helium-
bubble flow visualizations of the flow around the present wing tip (Engel 1995) show
not only the formation of the main tip vortex, first visible at about mid-chord on the
suction side, but also the roll-up of a strong corotating secondary vortex from the
pressure side of the tip. For about one chordlength downstream of the trailing edge
these vortices rotate about each other but the secondary vortex soon becomes invisible.
At the same time the spiral motion of the main tip vortex associated with the
interaction also dies out. Given the results of Corsiglia, I[versen & Cliffone (1976),
Steger & Cutler (1976), Brandt & Iversen (1977) and Bilanin, Teske & Williamson
(1977), all of whom studied the interaction of unequal corotating vortices, we would
expect the vorticity associated with the secondary vortex to have become wrapped into
an annulus around the main vortex core. This would likely produce the double core
structure we have observed.
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FIGURE 23. U-spectra at the core centre in the baseline flow normalized
on two-dimensional wake parameters.

4.4. Turbulence structure and scaling in the core region

To reveal the turbulence structure of the core region it was necessary to separate out
those velocity fluctuations generated by wandering. This was done by spectral
decomposition and high-pass filtering.

4.4.1. Spectral decomposition

Some clues to the true turbulence structure in the core region are given by the series
of velocity autospectra shown in figure 21. These were measured in the baseline flow
at x/c = 10 along the line y/c = 0 from the spiral wake centreline at z/c = —0.1654 to
the core centre (see figure 84). At frequencies less than fc/U_ = 20, spectral levels rise
as the core centre is approached because of wandering and, as we shall see, other
inactive motions of the core. At frequencies greater than fc/U_, = 20, where we would
expect to see the influence of smaller turbulent structures, spectral levels fall, becoming
an order of magnitude smaller at the core centre than they are in the wake. Even in the
region just outside the core edge, where the mean tangential and axial rates of strain
reach their maxima (e.g. z/¢ = —0.0436), spectral levels in this frequency range are
substantially lower than in the spiral wake. This could indicate that the velocity field
of the vortex core may be generating little if any turbulence of its own.

Figure 22 shows the U velocity autospectrum G ,,, measured at the core centre in the
baseline flow and its evolution with distance downstream. Spectral density and
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FiGURE 24. V+ W spectra at the core centre in the baseline flow normalized
on two-dimensional wake parameters.

frequency are normalized on the (fixed) free-stream velocity and chordlength. This
figure shows a systematic shift in the spectrum to lower frequency and energy with
distance downstream but little change in its shape, suggesting that the spectrum is
scaling in some way. The spectra show no inertial subrange, but instead a region where
G, varies approximately as /.

To find the scaling velocity ¥ and distance D we have replotted these spectra as
Gyy U,./(V?®D) vs. fD/U_, on the presumption that the convection velocity of any
disturbances should be close to U,,. If the velocity fluctuations in the spectrum were a
consequence of turbulence generated by the rotational motion of the core we would
expect ¥ and D to be quantities that reflect the intensity and scale of the rates of strain
generated by the tangential velocity field. Since the strain rate reaches its maximum just
outside the core edge, the peak tangential velocity ¥}, and core radius r, would seem
to be the appropriate scales. Likewise, if turbulence were generated by the axial motion
of the core we would expect the scales to be quantities such as the centreline axial
velocity deficit U}, and radial scale of the axial profile d. However, normalizing on ¥,
and r, or U, and d or any other combination of these parameters, does not and cannot
produce any collapse of the spectra in figure 22, since none of these parameters varies
significantly with downstream distance. Surprisingly, the only velocity and length
scales that appear to relate the core-centre spectra are those of the two-dimensional
portion of the wake U, and L, (figure 23). Normalized on these variables G
collapses well, especially at frequencies above fL,,/ U, = 1. These parameters are also
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FIGURE 25. U-spectra at the core centre in all cases normalized on core parameters
(see table 2 for details of the cases shown in the legend).

the only ones that collapse velocity fluctuations measured in other components, see
figure 24.

This apparent dependence of velocity fluctuations in the core upon the unrolled-up
portion of the wake, and independence of core parameters, is not restricted to the
baseline flow. Figures 25 and 26 show U autospectra measured at the core centres for
all locations in all the flows. Normalizing on ¥, and r, (figure 25) or other core
parameters does little to relate the spectra. Normalizing on U, and L, (figure 26),
however, produces a measure of collapse, especially between fL,/U_ =1 and 3. At
higher frequencies there are some differences between the normalized spectra but these
appear to be associated with differences in wake Reynolds number, produced either by
differences in free-stream velocity (cases 7 and 8) or trip strength (cases 12 and 13).

The fact that velocity fluctuations in the core region scale on the wake parameters
would appear to imply not only the absence of turbulence generated by the core
motion, but also the absence of any other turbulent motion in the core. If turbulence
were present, having been diffused in from the wake, it would be stabilized to a degree
controlled by the rotational motion of the core and thus would not scale. We therefore
conclude that flow in the core is laminar, and that the velocity fluctuations here are the
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FIGURE 26. U-spectra at the core centre in all the cases normalized on two-dimensional wake
parameters (see table 2 for details of the cases shown in the legend).

result of inactive motions produced as it is buffeted by surrounding (and rapidly
decaying) spiral-wake turbulence. This conclusion is consistent with the development
of the mean-velocity profiles, described above.

The stability arguments of Mayer & Powell (1992) provide an explanation of why the
vortex core is laminar. Their results suggest that in the absence of large axial flow (i.e.
for Rossby numbers Ro < 1), trailing vortices should be stable, regardless of Reynolds
number. The stability of these flows is confirmed by the large-eddy and direct
simulations of Ragab & Sreedhar (1995). Their calculations also show that, even if
sufficient axial flow is present to destabilize the vortex (i.e. Ro > 1), the turbulence
generated acts only to diminish the axial flow to a stable level, after which the vortex
returns to a laminar state. All the present vortices are stable according to Mayer &
Powell’s criterion (see table 2).

The idea that the vortex shed from a turbulent-flow wing produces no turbulence
and thus evolves to a laminar state may not be new, but the present study would appear
to provide some of the strongest evidence to date. As discussed in the introduction,
results of Ciffone & Orloff (1975), Panton et al. (1980), Phillips & Graham (1984) and
Bandyopadhyay et al. (1991) are also consistent with laminar flow. In Phillips &
Graham’s experiment, where the very slow streamwise variation in the mean-velocity
fields of their case B, C and D vortices suggests viscous diffusion, significant velocity
fluctuations were measured in and around the cores. Given the results of the present
study we expect that these fluctuations are a consequence of inactive motion produced
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by turbulence in the surrounding wake spiral. Indeed, turbulence stresses measured by
Phillips & Graham outside the core regions show a rate of decay roughly consistent
with that which would be expected of the spiral wake.

Laminar decay appears inconsistent with Phillips & Graham’s (1985) case A and E
vortices, and with Singh & Uberoi’s (1976) and Chow et al.s (1994) vortices. However,
according to Mayer & Powell’s criterion, these flows are all unstable (Ro > 1) or close
to the stability boundary. Given Ragab & Sreedhar’s (1995) work, we would therefore
expect them to be in the process of evolving to a stable state via the diffusion of the
axial velocity deficit. Indeed Chow et al. (1994) identify the axial velocity gradients as
a primary source of turbulence in their vortex.

4.4.2. High-pass filtering

Most velocity measurements made in the vicinity of the core were recorded at a
sufficient sampling rate (50 kHz) for them to be digitally high-pass filtered during data
reduction to differentiate the various sources of velocity fluctuations. In particular, at
x/c =10 in the baseline flow, ‘spectrally resolved’ measurements of this type were
made over grids of points covering the core and spiral-wake regions. Figure 27 shows
these data, plotted as contours of «?/U? high-pass filtered at frequencies of fc/U,, = 3
and 40, equivalent to fL,,/U, =0.41 and 5.5 (see figures 23 and 24). Assuming
Taylor’s hypothesis, these frequencies correspond to length scales of 0.33¢ (8.9 core
radii) and 0.025¢ (0.68 core radii) respectively.

Filtering at fc/U_ =3 (figure 27a) would be expected to eliminate most of the
velocity fluctuations associated with wandering, but leave intact the bulk of fluctuations
associated with coherent wake structures and inactive core motions. The flow structure
appears very similar to that shown by the conventional Reynolds averaged
measurements (figure 8d), confirming that wandering was not an overwhelming
contributor to the axial normal stress at this station. Filtering does improve the
definition of the innermost parts of the spiral wake, the centreline of which is visible
to within about 2 core radii of the vortex centre. There is little or no axisymmetric
region of turbulence surrounding the core. Inside the core, velocity fluctuations rise to
a maximum presumably because of inactive motion of the core as it is buffeted by the
wake.

Filtering at fc/U_ = 40 (figure 275, ¢) would be expected to eliminate all but the
smaller turbulence scales. These contours show how the intensity of small-scale
turbulent fluctuations remains almost unchanged along the outer part of the spiral
wake, despite the varying rates of strain imposed by the vortex. They also show the
increase in small-scale turbulence levels in the vicinity of the core. The filtered
turbulence levels reach maxima in a ring between 1 and 2 core radii from the vortex
centre at locations that coincide roughly with the innermost turn of the spiral seen in
figure 27(a). Moving into the core small-scale turbulence levels drop by a factor of
about 5. Inside the core stress levels are very low and almost constant, consistent with
the laminar flow inferred from the spectral scaling and mean-velocity profiles above.

The ring of relatively high small-scale turbulence levels surrounding the core could
be a symptom of the generation of turbulence by the rotational motion of the vortex.
However, consistent with our other results, this does not seem to be the case. We can
distinguish between turbulence generated by the core and associated with the spiral
wake by looking at its decay rate. In the baseline flow the core radius and peak
tangential velocity and the mean flow field immediately surrounding the core varied
little over the 25 chordlengths measured. We would therefore expect turbulence
generated by this core motion to vary little in length or velocity scale with distance



100 W. J. Devenport, M. C. Rife, S. I. Liapis and G. J. Follin

5

o° x/c

-5
(XIO)L_ o o] oS5
4+ o 10
L o © als
jr I} v
[ oooo + 30

NN
gl ~

2F

©
04&%

-02

FIGURE 28. Profiles of ¥?/ U2 high-pass filtered at fc/ U, = 40 as a function of streamwise
distance in the baseline flow.

downstream and thus, when high-pass filtered at a constant absolute frequency, to
have a near constant intensity. Figure 28 shows profiles of #*/U? through the core
centre as a function of streamwise distance high-pass filtered at fc/U_ = 40. The low
turbulence levels in the core are clearly visible at all locations downstream of x/c = 10,
as are the maxima associated with the ring of higher turbulence levels surrounding the
core. Turbulence levels in the ring decay very rapidly with downstream distance and
show no sign of being sustained by the core. In fact, small-scale turbulence levels in
the ring decay at about the same rate, or faster than, those in the two-dimensional
arm of the wake. This can be seen if the profiles are filtered at a constant frequency
based on wake parameters (i.e. constant fL,,/U_) and then normalizing the filtered
stresses on U,,.

If the ring of elevated turbulence levels is not due to production by the vortex, then
what might be its source? One possibility is that it is due to small-scale turbulence
produced as the large eddies in the spiral wake are finally broken down and/or
reorganized by the strong rotational motion of the vortex. The direct simulations of
Melander & Hussain (1991) have shown that a line vortex can organize homogeneous
turbulence into azimuthal structures. Another possibility is that it is a remnant of the
initial condition. We have already hypothesized the destruction of a strong secondary
vortex formed in the tip region and the redistribution of its vorticity into an annulus
surrounding the main vortex as an explanation for the double core seen initially in the
mean-velocity profiles. Such an event would seem likely to also generate a ring of
turbulence surrounding the main vortex. Without any mechanism to sustain it this
turbulence would then decay rapidly with downstream distance.

5. Conclusions

Experiments have been performed on the vortex shed from the tip of a rectangular
NACA 0012 half-wing. Detailed measurements were made between 5 and 30
chordlengths downstream of the wing using hot-wire probes. Considerable effort was
made to establish the lack of probe interference and to analyse and quantify the effects
of wandering.

Wandering amplitudes were found to be small (typically less than 1% chord, 30 %
of the core radius). They increased with downstream distance and decreased with angle
of attack, suggesting an origin in wind-tunnel unsteadiness. Careful analysis of the
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effects of wandering was necessary to properly reveal the flow structure in the core
region and to give confidence in measurements made outside the core. In its simplest
form, this analysis yields expressions for the effects of wandering upon measured core
parameters. It also shows that the velocity field of any vortex will appear as a g-vortex
given sufficient wandering. In its general form the analysis provides a comprehensive
method for correcting measured mean velocity profiles for the effects of wandering.
The method also gives estimates of contributions of wandering to measured turbulence
stress fields. Spectral decomposition was found to be the most effective method of
separating these contributions from the remainder of the velocity signal.

With the wandering quantified and its effects corrected or accounted for, these
measurements reveal much about the mean and turbulence structure of this flow.
Outside the core region the flow is dominated by the remainder of the wake, the edge
of which is wound into a spiral by the rotation of the vortex. There is no large region
of axisymmetric turbulence surrounding the core and little sign of turbulence generated
by the rotational motion of the vortex. The scale of the spiral £ grows as the square root
of streamwise distance. Scaled on £, the spiral shape appears almost constant. Outside
the spiral, in the flat part of the wake, the turbulence structure of the flow appears
much like that of a two-dimensional self-similar wake. Moving toward the vortex,
turbulence levels initially increase from their two-dimensional values, reaching a
maxima at the beginning of the spiral. They then fall as the core is approached. These
variations are in response to the varying rates of strain imposed upon the wake. The
wake is skewed and laterally stretched and curved by the rotating velocity field of the
vortex. Some skewing of opposite sign is also produced by vorticity embedded within
the wake itself, the resulting cancellation apparently producing the observed maximum
in turbulence levels. Velocity spectra suggest that the additional strain rates influence
the dominant large-scale turbulent motions. Small-scale motions are less affected and
maintain the same absolute intensity along most of the spiral. The thickness of this part
of the wake grows approximately as the square-root of streamwise distance. Since the
scale of the spiral grows at the same rate, the entire turbulence structure of the spiral
appears to evolve to an approximately self-similar form.

Moving from the spiral wake into the core the overall level of velocity fluctuations
greatly increases, but none of this increase is directly produced by turbulence. In the
frequency range likely to be associated with turbulence, velocity spectra measured at
the core centre show no dependence upon core parameters. Instead, core centre spectra
measured over a range of streamwise positions, vortex strengths and wake strengths
collapse when scaled on the velocity and length scales of the two-dimensional portion
of the wake. This implies not only the absence of turbulence generated by the core, but
also the absence of any other turbulent motion. We therefore conclude that flow in the
core is laminar and that velocity fluctuations experienced here are inactive motions
produced as the core is buffeted by turbulence from the surrounding wake. Consistent
with this, turbulence stress fields high-pass filtered to remove contributions from
wandering and inactive motions show true turbulence levels to be almost constant
inside the core and very low compared to those in the surrounding wake.

Velocity profiles measured through the vortex centre show little change in core
parameters (core radius, peak tangential velocity and axial velocity deficit) as the flow
develops. The shapes of the profiles do change, however, and at a rate that is not
inconsistent with laminar diffusion. Some of the profiles, especially those measured at
upstream locations, show evidence of a two-layered structure — an outer core that
appears to be a remnant of a secondary vortex formed during the roll-up process and
an inner core that grows within it with distance downstream.
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The experimental data presented in this paper may be accessed on the World Wide
Web at http:/www.aoe.vt.edu/flowdata.html.
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Appendix A. The issue of probe interference

Probe interference is often cited as a serious problem in the study of tip-vortex flows.
A review of the literature, however, shows that the evidence is mixed. Direct evidence
that probe interference need not be a problem comes from the hot-wire/laser
anemometer comparisons of Orloff (1974) and Iversen et al. (1979), the two-probe
observations of Phillips & Graham (1984) and the flow visualizations of Stifle &
Panton (1991). Direct observations of interference have been made by Mason &
Marchman (1972, 1973, private communication 1994) and Green & Acosta (1991).
Mason & Marchman (using the same configuration and wind tunnel as the present
study) found interference only to be a problem if the probe was pitched or yawed.
Green & Acosta found that even small probes could burst or displace the vortex core.

Given the uncertainty over this issue, demonstrating the absence of probe
interference was an important prerequisite of the hot-wire measurements. Flow
visualizations, theoretical studies and velocity measurements were carried out to this
end. If present, probe interference was expected to take the form of (a) vortex
breakdown propagating upstream to the measurement point, (b) waves or other
disturbances travelling upstream in a laboratory frame of reference, (¢) changes in core
trajectory, and (d) changes the local flow field around the measurement point due to
probe-generated pressure gradients.

Flow visualizations were performed by injecting helium-filled soap bubbles into the
flow upstream of the wing tip to mark the vortex core. Visualizations were conducted
over a large range of conditions with the present tip vortex and on pairs of counter-
and co-rotating tip vortices generated in a similar manner (see Devenport & Sharma
1990; Zsoldos & Devenport 1991; and Engel 1995 for full details). The traverse gear
and a dummy probe were mounted in the wind tunnel and the vortex observed with the
probe in the core and traversing through it. Figure 29 shows a visualization
representative of this set, taken with the probe positioned inside the vortex core with
the bubbles marking the core centreline. In all the visualizations the probe had no
visible effects on the vortex core at the measurement point. There was no sign of any
global breakdown propagating upstream, of upstream-travelling core waves or of the
probe dragging or otherwise displacing the core at the measurement point.

The absence of upstream-travelling disturbances is consistent with theoretical
estimates of wave velocities. Axisymmetric, helical, bending or kink waves on vortex
cores have been described by Maxworthy, Hopfinger & Redekopp (1985), Maxworthy
(1988), Lundgren & Ashurst (1989), Marshall (1993) and numerous authors cited
therein. We have examined the wave speed relationships quoted by these authors for
all of our vortex flows. Where computing the wave speed involved approximation of
the measurements, we used the most unfavourable assumptions consistent with the
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FIGURE 29. Helium bubble flow visualization showing the absence of probe interference. Flow is from
right to left. Core centre is marked by helium bubble stream entering right. Core radius is slightly less
than the diameter of the thickest part of the probe stem (top left). Measurement volume (centre) is
therefore well inside core.

data. None of these computations indicate wave speeds greater than 60 % of the free-
stream velocity U,_, which in a laboratory-fixed frame would be swept downstream at
0.4U,_.

A simple potential flow model! of the probe was used to examine its likely influence
on pressure gradients near the measurement point. The model was constructed using
point sources and line doublets to represent the probe, its holder and the displacement
thicknesses of their boundary layers and wakes. The pressure-coefficient gradients
predicted by this model were two to three orders of magnitude smaller than the peak
radial gradients associated with the vortex. The potential flow model also indicated
that the flow would be decelerated by less than 0.4% in velocity at the measurement
point. Further evidence that these gradients were insignificant comes in the form of
velocity measurements made with a variety of probe geometries. Varying the sting
diameter, length, probe type and adding a second probe to the sting displaced laterally
some 2in. from the first, produced no differences in measured mean velocities,
turbulence stresses or velocity autospectra greater than the estimated uncertainty.

Appendix B
We consider a property of a vortex flow g(y, z) that is distributed in a non-Gaussian
manner. Let e(y,z) be the deviation between g and a Gaussian:
e(y,2) = 8(¥,2) —8oavss(¥>2)- B

In the presence of wandering we measure g,,(, z), that is the convolution of g(y, z) and
the probability density function of vortex position p(y, z), here assumed Gaussian:

gm(¥,2) = g(¥,2) % p(¥,2). (B2)
Let ¢,,(y, z) be the deviation between g,,(v, z) and a Gaussian. Then ¢,,(y, z) 1s given by
em(¥,2) = (3, 2) % p(, 2). (B3)

We will show that g,, is closer to a Gaussian than g, i.e. ¢, is smaller than ¢ as a
percentage of the total measured property:

enls Il
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where ||.|, is the usual L, norm:

00 (e} 1/2
||e||2=(j f ez(y,Z)dydz) |

We use the theorem (Bechner 1975) that the supremum of the expression
I f*hll, /(1 £, IAll,) with 1/r=1/p+1/q—1 is attained for Gaussian functions f, A.
We then set p =2 and ¢ = 1 which give r =2 and use this property of Gaussian
functions to write
llexpll, _ llg*ple ’ (B'5)
lells 121 el llply

which, after some simplifications and using equations (B 2) and (B 3), gives

lenlls _ lel,
gl ~ gl (B6)

which is what we needed to show.
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